This paper deals with free vibration problems of Euler-Bernoulli beam under various supporting conditions. The technique we have used is based on applying the Adomian decomposition method (ADM) to our vibration problems. Doing some simple mathematical operations on the method, we can obtain ith natural frequencies and mode shapes one at a time. The computed results agree well with those analytical and numerical results given in the literature. These results indicate that the present analysis is accurate, and provides a unified and systematic procedure which is simple and more straightforward than the other modal analysis.
Introduction
The vibration problems of uniform Euler-Bernoulli beams can be solved by analytical or approximate approaches [1] [2] [3] [4] . Using analytical approaches, the closed form solutions of free vibration under various boundary conditions have been found in these literature. Approximate approaches such as the Rayleigh-Ritz method and the Galerkin method have been applied to calculate some lower natural frequencies and mode shapes. However, it may be difficult to determine higher natural frequencies and mode shapes on account of not choosing complete and correct admissible functions. Register [5] derived a general expression for the modal frequencies and investigated the eigenvalue for a beam with symmetric spring boundary conditions. Wang [6] studied the dynamic analysis of generally supported beam using Fourier series. Yieh [7] studied the applications of dual MRM for determining the natural frequencies and natural modes of the Euler-Bernoulli beam using the singular value decomposition method. Recently, Kim [8] studied the vibration of uniform beams with generally restrained boundary conditions using Fourier series. Naguleswaran [9] obtained an approximate solution to the transverse vibration of the uniform Euler-Bernoulli beam under linearly varying axial force.
In this study, a new computed approach called Adomian decomposition method (ADM) is introduced to solve the vibration problems. The concept of ADM was first proposed by Adomian and was applied to solve linear and nonlinear initial/boundary-value problems in physics [10] . In recent years, a large amount of literature developed concerning the ADM by applying it to the applications in applied sciences. For more details about the method, see [11] [12] [13] [14] [15] and the references cited there. In this paper the vibration problems of uniform beams with various boundary conditions are considered. Using the ADM, the governing differential equation becomes a recursive algebraic equation and boundary conditions become simple algebraic frequency equations which are suitable for symbolic computation. Moreover, after some simple algebraic operations on these frequency equations, any ith natural frequency and the closed form series solution of any ith mode shape can be obtained. Finally, three problems of uniform beams are solved to verify the accuracy and efficiency of the present method.
The principle of ADM
In order to solve vibration problems by the Adomian decomposition method (ADM) the basic theory is stated in brief in this section. Consider the equation
where F represents a general nonlinear ordinary differential operator involving both linear and nonlinear parts, and g(x) is a given function. The linear terms in Fy are decomposed into Ly + Ry, where L is an invertible operator, which is taken as the highest-order derivative and R is the remainder of the linear operator. Thus, Eq. (1) can be written as Ly + Ry + Ny = g(x), (2) where Ny represents the nonlinear terms in Fy. Eq. (2) corresponds to an initial-value problem or a boundary-value problem. Solving for Ly, one can obtain
where Φ is an integration constant, and LΦ = 0 is satisfied. Corresponding to an initial-value problem, the operator L −1
may be regarded as a definite integration from 0 to x. In order to solve Eq. (3) by the ADM, we decompose y into the infinite sum of series
and the nonlinear term Ny = f (y) is decomposed as
where the A k are known as Adomian polynomials. Following [10] [11] [12] [13] [14] , Adomian polynomials can be derived as follows:
and other polynomials can be generated in a similar manner. Plugging Eqs. (4) and (5) into Eq. (3) gives
Each term in series (6) is given by the recurrent relation
The initial term y 0 was defined and the remainder terms were determined by using simple integrations. However, in practice all terms in series (6) cannot be determined exactly, and the solutions can only be approximated by a truncated series n−1 k=0 y k .
Using the ADM to analyze the free vibration problem of uniform beam
Consider a uniform Euler-Bernoulli beam of finite length l, the equation of motion for lateral vibrations of a uniform elastic beam ignoring shear deformation and rotary inertia effects is
where y(x, t) is the lateral deflection at distance x along the length of the beam and time t, EI, ρ and A are the flexural rigidity, the mass per unit volume and the cross-sectional area of the beam, respectively. The beam subjected to the homogeneous boundary conditions is given as c r3
and
The beam has 4 boundary conditions, two at the left end x = 0 and the other two at the right end x = l. The 16 constants, c rj , d rj (r = 1, 2, j = 0, 1, 2, 3), depend on the given types of the boundary conditions.
For any mode of vibration, the lateral deflection y(x, t) may be written in the form (11) where Y (x) is the modal deflection and h(t) is a harmonic function of time t. If ω denotes the frequency of h(t), then ∂ 2 y(x, t)
and the eigenvalue problem of Eq. (8) reduces to the differential equation
which must be satisfied throughout the domain 0 < x < l and which is subject to the given homogeneous boundary conditions at two ends x = 0 and x = l. Without loss of generality, the following dimensionless quantities are introduced.
The governing equation (13) can be written in the following dimensionless form:
and the boundary conditions of Eqs. (9) and (10) can be written in the form:
where the 16 constants, α rj , β rj (r = 1, 2, j = 0, 1, 2, 3), are dimensionless and Y (j) (X) denotes the jth-order derivative with respect to X , and sets Y (X) = Y (0) (X). In Eq. (15), the linear operator is set to be LY = Y (4) (X), and the nonlinear operator is NY = 0. Hence the deflection Y (X)
can be solved by the ADM. From Eqs. (2) and (15) one can obtain
where 
where we have
as the initial term of the decomposition, and
as the recurrence relation of the decomposition. Consequently, all components of the decomposition can be identified and evaluated from Eq. (23). That is, by substituting Eq. (22) into Eq. (23), one can obtain
In practice, the solution will be the n-term approximation
and from the convergence of ADM [15] 
We can now form successive approximants,
, as n increases and the boundary conditions are also met. Thus φ [1] 
serve as approximate solutions with increasing accuracy as n → ∞, and is also obligated to, of course, satisfy the boundary conditions. By differentiating Eq. (27) with respect to X , one can obtain
Hence, at the left end 
where
is the ith eigenfunction corresponding to the ith eigenvalue λ i .
By normalizing Eq. (35), the ith normalized eigenfunction is defined as
where φ [n] i (X) is the ith mode shape function of the beam corresponding to the ith natural frequency ω 4 . For the convenience of analysis, we defined the dimensionless natural frequency ω
One can solve Eqs. (32) and (33) simultaneously to find the eigenvalue λ, but it is complicated and tedious. Hence, the simplified method is provided and it is to reduce the number of the equations in Eqs. (32) and (33) 
(0) are considered as the arbitrary constants which depend on the given boundary conditions at the right end X = 1. The n-term approximation in Eq. (27) can be written as
Hence, Eq. (33) can be simplified as
For nontrivial solutions Y (0), and Y (1) (0), the frequency equation is given as
The ith estimated eigenvalue λ
[n]
i corresponding to n is obtained by Eq. (39), and n is decided by Eq. (34), by substituting
Furthermore, the ith mode shape φ 
Furthermore, without loss of generality, let us consider the free-free beam, whose ends x = 0 and x = l are connected by translational springs and rotational springs as shown in Fig. 1 . The boundary conditions at x = 0 and x = l are given as EI d and
where k TL and k TR are the translational spring constants, k RL and k RR are the rotational spring constants. Eqs. (42)- (45) can be expressed in the dimensionless form as
From the BCs of Eqs. (46) and (47), one can set
as the arbitrary constants. Hence Eq. (27) can be written as
From the BCs of Eqs. (48) and (49), we have
[φ [n] (1)]
By substituting Eq. (51) into Eqs. (52) and (53), and using Eq. (38), one can obtain
By substituting Eqs. (54) and (55) 
Case 2: Clamped at X = 0. The deflection and slope are zero at X = 0. By using the ADM in this case, we set Y (0) = 0, Y (1) (0) = 0, and
For nontrivial solutions Y (2) (0), and Y (3) (0), the frequency equation is given as
The ith estimated eigenvalue λ 
By following the same procedure as Case 1, one can obtain the ith estimated eigenvalue λ
[n] i from Eq. (60) and the ith
Furthermore, let us consider the clamped-free beam, whose right end x = l is connected by translational spring and rotational spring as shown in Fig. 2 . The boundary conditions at x = l are given in Eqs. (44) and (45). By substituting Eq. (58) into Eqs. (61) and (62), and using Eq. (59), one can obtain
For nontrivial solutions Y
(1) (0), and Y (3) (0), the frequency equation is given as
By following the same procedure as in Case 1, one can obtain the ith estimated eigenvalue λ
i from Eq. (70) and
By substituting Eq. (71) into Eq. (68), one can obtain the ith eigenfunction φ
Similarly, let us consider the hinged-free beam, whose right end x = l is connected by translational spring and rotational spring as shown in Fig. 3 . The boundary conditions at x = l are given as Eqs. (44) 
By substituting Eqs. (73) and (74) into Eq. (70), the closed series form of frequency equation is given as
In fact, Eq. (77) is the same as Eq. (55) when β RL = 0, and β TL → ∞.
Hence, by using the method of ADM, we can easily solve the vibration problem with various boundary conditions. The proposed method is very efficient with the aid of symbolic computation.
Verifications and examples
In order to demonstrate the feasibility and the efficiency of ADM in this paper, the previous three cases are discussed as follows. By using the results of the previous cases, one can obtain the natural frequencies and mode shapes of the beam with various boundary conditions at both ends. The computed results are compared with the analytical and numerical results in the literature.
A clamped-free beam with elastic spring restraints at x = l
Let us consider the clamped-free beam, whose right end x = l is connected by translational spring and rotational spring as shown in Fig. 2 . Following the derivation of the previous Case 2, first we assume β RR = 1, β TR = 1. By solving Eq. (65) and taking real root for λ, Table 1 
Thus, the first eigenvalue, dimensionless natural frequency and natural frequency corresponding to n = 5 can be obtained as 
By substituting λ 
By using the given analytical method [1] [2] [3] [4] , the first dimensionless natural frequency and mode shape function can be obtained as 
Table 2
The ith dimensionless natural frequency ω i of a clamped beam, as shown in Fig. 2 Finally, the dimensionless natural frequencies ω 1 − ω 6 for the clamped-free beam with translational spring boundary condition and no rotational spring boundary condition (β RR = 0) are provided in Table 2 . These values are obtained from Eq. (65) using the 18 approximate terms. From this table, the larger the spring constant β TR is, the larger the natural frequencies Fig. 7 . The fourth, fifth, and sixth mode shape functions.
Table 3
Results of the ith eigenvalues λ 
ω 1 − ω 6 are, and the beam is considered as a clamped-free beam when β TR → 0, and as a clamped-pinned beam when β TR → ∞.
A pinned-free beam with elastic spring restraints at x = l
We consider the beam as shown in Fig. 3 . By using the results of the previous Case 3, first let β RR = 0, β TR = 25, by solving Eq. (75) and taking real root for λ, Table 3 for n = 18 is obtained. From this table and Eq. (34), let ε = 0.0001, we can obtain 6 natural frequencies one at a time. In Figs. 8 and 9 , the dimensionless natural frequencies ω 1 − ω 6 converge to 6.8858, 18.8462, 51.0100, 104.7358, 178.5526, and 272.2156 very quickly one by one without missing any frequency and the results obtained by using Eq. (75) are compared closely with the analytical results obtained from [1] [2] [3] [4] . From Eq. (77), the 6 mode shape functions can be obtained for n = 18, which are shown in Figs. 10 and 11 . The first mode shape function in the present method and analytical method [1] [2] [3] [4] , respectively, are given as Finally, the dimensionless natural frequencies ω 1 − ω 6 for the pinned-free beam with translational spring boundary condition and no rotational spring boundary condition (β RR = 0) are provided in Table 4 . These values are obtained from Eq. (75) using the 18 approximate terms. From this table, the beam is considered as a pinned-free beam when β TR → 0, and as a pinned-pinned beam when β TR → ∞. 
Table 4
The ith dimensionless natural frequency ω i of a pinned beam, as shown in Fig. 3 (β RR = k RR l/EI = 0).
Table 5
The first dimensionless natural frequency ω 1 of a free-free beam, as shown in Fig. 1 
A free-free beam with rotational and translational restraints at both ends
Let us consider the free-free beam as shown in Fig. 1 . By following the derivation of the previous Case 1, one can solve Eqs. (54), (55) and (39) for various values β RR , β TR , β RL , and β TL . In this paper, we assume β RR = β RL , β TR = β TL and the first three dimensionless natural frequencies ω 1 − ω 3 are provided in Tables 5-7 The second dimensionless natural frequency ω 2 of a free-free beam, as shown in Fig. 1 (β RR = β RL , β TR = β TL ). Table 7 The third dimensionless natural frequency ω 3 of a free-free beam, as shown in Fig. 1 (β RR = β RL , β TR = β TL ). 
obtained and are listed in Tables 8 and 9 . From these tables, one can find that the calculated results in the study compared with the results of other literature are in close agreement.
Conclusion
This paper presents an effective method to solve vibration problems with various elastically supported conditions. By using the proposed method, any ith natural frequency and mode shape function can be obtained one at a time. The larger the approximate term n is giving, more natural frequency can be found at the same time. The computed results are Table 8 The first dimensionless natural frequency √ ω 1 of a free-free beam, as shown in Fig. 1 compared closely with the results obtained by using other analytical and numerical methods. This study provides a unified and systematic procedure which is seemingly simpler and more straightforward than the other methods. On the basis of these results, the frequency expressions derived in the present paper can be used in the design of beams with various supporting conditions. Table 9 The second dimensionless natural frequency √ ω 2 of a free-free beam, as shown in Fig. 1 
